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The sensitivity-based element-by-element (SB-EBE) method is extended for updating the ® nite element models
of lightly damped structures using experimentally measured complex modes. The new updating method proceeds

in two steps. First, the measured mode shapes are expanded and the mass and stiffness matrices are corrected
to minimize a set of dynamic residuals. Next, a damping matrix is constructed to absorb the remainder of these

dynamic residuals. As the mass and stiffness matrices are corrected before the computationof the dampingmatrix,
the extension is used for the updating of lightly damped structures. The new SB-EBE method is illustrated with

two examples that highlight its potential for re® ning the ® nite element models of lightly damped structures.

I. Introduction

A CCURATE models of space structures are required for the
prediction of on-orbit dynamics and the adjustment of con-

trol laws. Therefore, the correlation of ® nite element (FE) models
with experimental data is used to correct potential modeling errors.
The update of FE models can also be used as a damage detec-
tion scheme1 and, therefore, as a nondestructiveevaluationmethod
of the integrity of a structure. The sensitivity-based element-by-
element (SB-EBE)2 , 3 method is one among several procedures for
updatingFE models.These approachesincludeLagrangemultiplier
methods,4±6 matrix adjustment or matrix perturbation,7±9 statistics
and sensitivity methods,10±13 force balance methods,14, 15 updating
usingfrequencyresponsedata,16 , 17 and substructureby substructure
or element-by-element procedures.18, 19 Reviews of FE model up-
datingmethodshavebeenwrittenby Ibrahimand Saa® n,20 Caesar,21

and Heylen and Sas.22 For dynamic prediction,an estimationof sys-
tem damping is often required. One approach is to build a model
of the system damping by detailed modeling of different damping
effects.23 However, this may not be practical due to the complex-
ity and variety of different materials found in larger structures. In
addition, any such model will still need to be veri® ed against exper-
imental measurement of the assembled structure. Often, a damping
matrix is constructed from modal test data. In practice, the off-
diagonal terms of the modal damping matrix are often neglected,
possibly leading to errors.24 The modal damping matrix is often
transformed into the space of the FE coordinates. However, this
transformationcan lead to a full matrix, which may cause problems
for large-scale FE models that usually require the use of sparse
storage schemes.

To alleviate some of these dif® culties when dealing with lightly
damped structures, an extension to the original SB-EBE method
using complex modes shapes is proposed.Previous work with com-
plex modesoftenled to predictivemodels thatdestroyedthephysical
meaning of the system or forced restrictionof the model to the mea-
sured degrees of freedom.25 By extending SB-EBE, the damping
matrix is corrected through changes in design parameters, rather
than by changing entries in the damping matrix. This maintains the
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connectivity of the FE matrices and provides a physical basis for
the update.

The extensiondiscussedherein is a two-stepprocedurefor the up-
dating of lightly damped systems. First, the mass and stiffness ma-
trices are corrected using a variant of the original SB-EBE method.
Then, the damping matrix is computedusing the correctedmass and
stiffness matrices and the expanded complex mode shapes. For lin-
ear models of damping, no iteration is required in the correction of
the damping matrix. Therefore, the method is almost computation-
ally equivalent to correcting only the mass and stiffness matrices
using the original SB-EBE procedure.

A review of the original SB-EBE method is ® rst given. Next,
the extension is explained, highlighting its main features. Two test
problems are presented to validate the method. A simple 10-degree-
of-freedom problem is used to illustrate the effect of the amount of
damping on the update of the mass and stiffness matrices and the
computationof the dampingmatrix. A large test problemsimulating
a real truss structure is presented and discussed.

II. SB-EBE Method
We discuss an extension to the SB-EBE procedure for the up-

dating of lightly damped structures. Therefore, a brief overview of
the original SB-EBE method is presented to keep this paper self-
contained.

Correction of the mass and stiffness matrices is done at the el-
ement level through the adjustment of design parameters, such
as area, elastic modulus, and density. Minimization of the modal
residuals14 representing out-of-balance forces forms the basis of
this formulation. The superscripts A, E , and U are used to identify
analytic (FE), experimental (measured), and updated quantities, re-
spectively.The subscripts M and N M denote measuredand unmea-
sured degrees of freedom, respectively, in a matrix or vector. The
analytic mass matrix M and analytic stiffness matrix K satisfy the
undamped free-vibrationequations of motion

KA U A
i ¡ X A 2

i MA U A
i = 0 for i = 1, . . . , m (1)

where m is the number of normal modes; X 2 and U are the set
of normal (undamped) eigenvaluesand set of normal mode shapes,
respectively.However, the free-vibrationequationsare generallynot
satis® ed for the FE matrices and experimental data, so that

K A U E
i ¡ X E 2

i MA U E
i 6= 0 for i = 1, . . . , m (2)

Equation (2) assumes that the FE model and experimental model
are of the same size. However, in most cases, the experimental data
have fewer degreesof freedomthan the FE model. To overcomethis
de® ciency, two approaches are commonly used. One possibility is
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to condense the FE model to the measured degrees of freedom.26

However, this destroys the connectivity of the original model, thus
preventing a straightforward physical understanding of the update.
Instead,SB-EBE utilizes a modal expansion technique whereby the
experimental modes are expanded to the same number of degrees
of freedom as the FE model. This can be written as

U E
i = [ U E

i M

U E
i N M

] for i = 1, . . . , m (3)

The objective of the update is to determine the updated matrices
KU = K A + D K and MU = MA + D M to satisfy

KU [ U E
i M

U E
i N M

] ¡ X E 2
i MU [ U E

i M

U E
i N M

] = 0 for i = 1, . . . , m

(4)

Thus, the unknowns in the updating process are the adjustments
to the FE matrices D K and D M, as well as the modal expansions
U E

N M . The updating problem is formulated as the minimization of
the following functional for each mode:

Hi =
IIIII
(K A

+ D K)[ U E
i M

U E
i N M

] ¡ X E 2
i (MA

+ D M)[ U E
i M

U E
i N M

] IIIII 2

for i = 1, . . . , m (5)

This minimization corresponds physically to the reduction of the
modal residuals, representing out-of-balance forces. Because this
is a nonlinear optimization problem, a staggered algorithm is used.
At each iteration n, the expanded mode shapes U E

N M are computed
based on the mass and stiffness matrices at the previous iteration.
The mode expansions at iteration n are found by taking the ® rst
variation of the functionals, H . Note that the adjustments to the FE
matrices are ® xed at the value of the preceding iteration, (n ¡ 1).
The expansions are found by the solution to the equations

@Hi ( D K(n ¡ 1) , D M(n ¡ 1))

@U i N M
= 0 for i = 1, . . . , m (6)

Following the mode expansion step, the update matrices at iteration
n are determined based on the mode expansions U E(n)

N M and the up-
date matrices at the previous iteration, D K(n ¡ 1) and D M(n ¡ 1) . The
update matrices are approximated by the ® rst-order Taylor series
expansions with respect to the set of model design parameters p:

D K = K( p + d p) ¡ K( p) ¼ [ @K( p)

@p ] d p (7)

D M = M( p + d p) ¡ M( p) ¼ [ @M( p)

@p ] d p (8)

where d p are the adjustments to the set of model design parameters.
Using the assembly property of FEs, the preceding update matri-
ces can be rewritten in terms of the element stiffness matrix k and
element mass matrix m:

D K ¼
Ne

Se = 1

N
(e)
p

Sk = 1
[ @ke( p)

@pk
] d pk (9)

D M ¼
Ne

Se = 1

N
(e)
p

Sk = 1
[ @me( p)

@pk
] d pk (10)

where Ne is the total numberof FEs in the mesh and N (e)
p is the num-

ber of design parameters for FE number e. Note that, in principle,
only small perturbations d p should be considered due to the Taylor
series expansions. However, in practice, the element level matrices
are often linear functions of the design parameters. Thus, arbitrary
large adjustments become acceptable. With the preceding expres-
sions, the unknowns of the FE matrices correction step become the
adjustments to the design parameters, d p. The ® rst variation of the

functionals, H , is taken to give a system of equations to solve for
the design parameter adjustments. This is written as

@Hi ( U
E (n)
i N M , D K(n ¡ 1) , D M(n ¡ 1))

@d p
= 0 for i = 1, . . . , m

(11)

This correction system is usually overdetermined. The parameter
adjustments d p are determinedusinga singularvaluedecomposition
(SVD) factorization. The new design parameters p(n) = p(n ¡ 1) +
d p(n) are then used to build the updated mass and stiffness matrices.
At the next iteration, these new mass and stiffness matrices are
used to determine the revised mode expansions. Because changes
to the FE matrices are built at the element level through increments
in the design parameters, the connectivity of the structure remains
unchanged and physical meaning for the correction is provided.

In many cases, the errors of the FE model are concentrated in lo-
calized areas of the mesh. To obtain computational ef® ciency, SB-
EBE uses a feature known as zooming. By examining the partial
variations of the modal residuals with respect to the design param-
eters, the algorithm locates the dominating error locations. Thus,
CPU time is not spent correcting error-free regions of the model,
and spreading of the correction is avoided.

Frequently, numerical dif® culties arise from the disproportion
between the mass derived and stiffness derived equations of the
correction system. To alleviate much of this dif® culty, a modi® ed
SVD solver and a dimensionlessprocedure have been developed.27

The scaling of physical quantities to obtain dimensionless units is
equivalent to scaling each column of the correction system.

In general, SB-EBE provides a robust updating methodology for
systems where damping information is not required and normal
modes are available.

III. Algorithm for Updating of Lightly
Damped Systems

A. Basis of Formulation

To deal with damped systems, an extension of SB-EBE is pro-
posed. This is a two-step procedureusing complex modes to update
damped dynamical models. As in the original SB-EBE, the new
method updates the model through changes in design parameters.
Fundamentally, the proposed method attempts ® rst to update the
mass and stiffness matrices to match the experimental data as close
as possible. Then it corrects the damping matrix to account for the
remaining error. Because complex modes are used for updating of
the mass and stiffness matrices prior to inclusion of the damping
matrix, the extension is used for the updatingof lightly damped sys-
tems. Owing to the two-step arrangement, iteration is usually not
required to update the damping matrix. As in the original SB-EBE,
the minimization of modal residuals is the basis of this formulation.

The superscripts real and imag are used to denote, respectively,
the real and imaginary parts of a complex quantity. The FE mass
matrix M, stiffness matrix K, and damping matrix D satisfy the
complex eigenvalue problem

k A 2
i MA W A

i + k A
i DA W A

i + K A W A
i = 0 for i = 1, . . . , c (12)

where k i = r i + j x i and W i = W real
i + j W imag

i are, respectively, the
complex eigenvalue and eigenvector of mode i , noting that j =p ( ¡ 1). Here, c is the number of complex modes. Equating real
and imaginary terms yields two equations. Rearranging to group
dampingtermsandmakingthe leadingcoef® cientof themassmatrix
equal to the complex modulus gives the following equations:

{[¡ ( r A 2
i + x A 2

i
)MA

+ K A
]W

real A
i }¡ {[2 r A 2

i MA
+ r A

i DA
]

£ W real A
i ¡ [2r A

i x A
i MA

+ x A
i DA

]W
imag A
i }= 0

for i = 1, . . . , c (13)

{[¡ ( r A 2
i + x A 2

i
)MA

+ K A
]W

imag A
i }¡ {[2 r A 2

i MA
+ r A

i DA
]

£ W imag A
i + [2 r A

i x A
i MA

+ x A
i DA

]W
real A
i }= 0

for i = 1, . . . , c (14)

However, when the experimental complex modal data is used with
the FE matrices, these equations are usually not satis® ed. As with
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the original SB-EBE procedure, modal expansion is used. The ex-
perimental mode shapes, therefore, are written as

W E
i = [ W real E

i M

W real E
i N M

] + j [ W imag E
i M

W imag E
i N M

] for i = 1, . . . , c (15)

The updated FE damping matrix is de® ned as

DU
= DA

+ D D (16)

We wish to ® nd the mode expansions and updated matrices as de-
® ned earlier such that the following equations are satis® ed:

{[¡ ( r E 2
i + x E 2

i
)MU + KU ][ W real E

i M

W real E
i N M

]}

¡ {[2 r E 2
i MU + r E

i DU ][ W real E
i M

W real E
i N M

] ¡ [2r E
i x E

i MU + x E
i DU]

£ [ W imag E
i M

W imag E
i N M

]} = 0 for i = 1, . . . , c (17)

{[¡ ( r E 2
i + x E 2

i
)MU + KU ][ W imag E

i M

W imag E
i N M

]}

¡ {[2 r E 2
i MU

+ r E
i DU

][ W imag E
i M

W imag E
i N M

] + [2 r E
i x E

i MU
+ x E

i DU
]

£ [ W real E
i M

W real E
i N M

] } = 0 for i = 1, . . . , c (18)

The unknownsin the precedingsets of equationsare the adjustments
to the FE matrices, D K, D M, and D D. There are also the additional
unknowns of the modal expansions W E

N M resulting from the de® -
cient degrees of freedom of the experimental data. Thus, we have a
coupled nonlinear optimization problem. We propose to solve this
problem in two steps. First, the mass and stiffness matrices are cor-
rected as if the system were undamped. This is done by forcing the
® rst terms of Eqs. (17) and (18) to be as small as possible. This
approach is a variant of the originalSB-EBE, but note that the mod-
ulus of the complex eigenvalue now appears as the coef® cient of
the mass matrix. Then, in the second step, the updated mass and
stiffness matrices, along with the expanded complex mode shapes,
are used to correct the damping matrix. The two stepsof this process
are explained in further detail in the subsections to follow.

The damping matrix is corrected based on a user-de® ned model.
Therefore, different damping models can be used within the con-
® nes of this method. The chosen model could be as simple as a two-
parameter proportional damping model, or more complex, such as
element level proportional damping or damping FEs based on de-
tailed modeling of various damping effects. Working within the
con® nes of the user-de® ned model provides insight into the damp-
ing mechanismsof the structure. In short, the method will attempt to
reproduce the experimentaldata as well as possibleusing the model
template provided. When using damping models that depend lin-
early on the designparameters,we will show that no initial damping
matrix is required and no iteration is necessary for the computation
of the damping matrix.

B. Expansion of Mode Shapes and Updating of Mass
and Stiffness Matrices

The ® rst step of the processexpands the mode shapes and updates
themass andstiffnessmatriceswith a variantofSB-EBE, usingcom-
plex modes. The basis of this step is the minimizationof the follow-
ing functionals representing the ® rst terms of Eqs. (17) and (18):

Ji =
IIIII
(K A

+ D K) [ W real E
i M

W real E
i N M

] ¡ (MA
+ D M) [ W real E

i M

W real E
i N M

]

£ ( r E 2
i + x E 2

i
)
IIIII 2

for i = 1, . . . , c (19)

K i =
IIIII
(K A + D K) [ W imag E

i M

W imag E
i N M

] ¡ (MA + D M) [ W imag E
i M

W imag E
i N M

]

£ ( r E 2
i + x E 2

i
)
IIIII 2

for i = 1, . . . , c (20)

Note that a set of functionals arises from both the real and imag-
inary equations. The unknowns in this step of the process are the
adjustments of the mass and stiffness matrices D M and D K and the
unmeasured complex mode shape components W E

N M . As before, an
iterativemethodwill beused.At each iterationn, the expandedmode
shapes W E (n)

N M are found based on the the mass and stiffness matrix
adjustments at the previous iteration, D M(n ¡ 1) and D K(n ¡ 1) . Then,
the mass and stiffness matrices are corrected based on the newly
expanded mode shapes. This process is detailed next.

After the correction of the mass and stiffness matrices, the func-
tionals J and K , have been minimized. This has forced the ® rst
terms of Eqs. (17) and (18) to some small values. These values are
de® ned as the complex residuals

Rreal
i = [¡ ( r E 2

i + x E 2
i

)MU + KU ][ W real E
i M

W real E
i N M

]

R
imag
i = [¡ ( r E 2

i + x E 2
i

)MU + KU ][ W imag E
i M

W imag E
i N M

]
for i = 1, . . . , c

(21)

For lightly damped structures, the correction of the mass and stiff-
ness matrices based on the minimization of these residuals is valid
because the real and imaginary components of the complex modes
should be nearly parallel with the normal modes of the system. In
addition, the moduli of the complex eigenvalues should be very
close to the associated undamped normal frequencies.

1. Mode Shape Expansion

The ® rst part of the iterative process updating the mass and stiff-
ness matrices is the expansion of the experimental complex mode
shapes.Taking the ® rst variationof the functionals(19)and (20)pro-
duces a system of equations to be solved for the mode expansions
W E (n)

N M ,

@Ji (K
U (n ¡ 1) , MU (n ¡ 1))

@W real E
N M

= 0

@K i (K
U (n ¡ 1) , MU (n ¡ 1))

@W imag E
N M

= 0

for i = 1, . . . , c (22)

The mass and stiffness matrices KU and MU are partitioned into
measured and unmeasured components

KU
= [ KU

M , M KU
M , N M

KU
N M , M KU

N M , N M
]

(23)

MU = [ MU
M , M MU

M , N M

MU
N M ,M MU

N M , N M
]

The i th impedance matrix is de® ned as

ZU
i = [ ZU

i M , M ZU
i M , N M

ZU
i N M , M ZU

i N M , N M
] = KU ¡ ( r E 2

i + x E 2
i

)MU

for i = 1, . . . , c (24)

Using the de® nitionof ZU , the ® rst variationsgiven in Eq. (22) yield
a system of equations for the unmeasured mode shape components:

A(n)
i W real E(n)

i N M = ¡ breal (n)
i

A(n)
i W imag E(n)

i N M = ¡ b
imag (n)
i

for i = 1, . . . , c (25)
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where

A(n)
i = [Z

U (n ¡ 1)
i N M , N M ]

T

[Z
U (n ¡ 1)
i N M , N M ] + [Z

U (n ¡ 1)
i M , N M ]

T

[Z
U (n ¡ 1)
i M , N M ]

breal (n)
i = [[ZU (n ¡ 1)

i N M ,N M ]
T

[Z
U (n ¡ 1)
i M , N M ]

T

+ [Z
U (n ¡ 1)
i M ,N M ]

T

[Z
U (n ¡ 1)
i M , M ]]W real E

i M

b
imag (n)
i = [[ZU (n ¡ 1)

i N M , N M ]
T

[Z
U (n ¡ 1)
i M , N M ]

T

+[Z
U (n ¡ 1)
i M , N M ]

T

[Z
U (n ¡ 1)
i M , M ]]W imag E

i M

(26)

The solution to Eq. (25) produces the expansion for each mode i .
Note that A(n)

i is a square matrix with the size of the unmeasured
degrees of freedom and appears in both the real and imaginary
mode equation. Therefore, the same factorization of A(n)

i can be
used for both the real and imaginary expansion of mode i . The fac-
torization of A(n)

i is the most computationallyexpensivepart of the
mode expansion. Note that ZU (n ¡ 1)

i N M , N M has the same the same spar-
sity pattern as the stiffnessmatrix KU

N M , N M . However, when the ma-
trix A(n)

i is computed, this sparsity pattern is destroyed. For this
reason, in practice, the left-hand side of Eq. (25) is not explicitly
formed and factored.Instead, the Woodburyformula is applied lead-
ing to greater computational ef® ciency.1 , 28 For large problems, the
computational cost of the mode expansion is less than the cost of
factoring the stiffness matrix K.

2. Updating of Mass and Stiffness Matrices

Following the expansion of the complex modes, the mass and
stiffness matrices are corrected. The update matrices at the current
iteration D K(n) and D M(n) are to be determinedbased on the current
mode expansions W E (n)

N M and the update matrices at the previous it-
eration D K(n ¡ 1) and D M(n ¡ 1) . The partial derivative terms in Eqs.
(9) and (10) are de® ned as the sensitivity matrices

s
e, (n)
k =

@ke( p(n))

@pk
(27)

te,(n)
k =

@me( p(n) )

@pk

With the update matrices expressed in terms of the design parame-
ters, the only unknownsare the parameteradjustments d p. Using the
expandedmode shapes and taking the ® rst variationof the function-
als (19) and (20) with respect to the design parameter adjustments
yields a system of algebraic linear equations. The equations from
the real and imaginary functionalscan be stacked together in a rect-
angular matrix,

B(n) d p(n)
= ¡ R(n ¡ 1) (28)

where

R(n ¡ 1) =

é
êêêêêêêêêêêêë

R
real (n ¡ 1)
1

...

Rreal (n ¡ 1)
c

R
imag (n ¡ 1)
1

...

R
imag (n ¡ 1)
c

ù úúúúúúúúúúúúû

(29)

and

B(n) =

é
êêêêêêêêêêêêêêêë

z1,(n)
1,1 L1 W real E (n)

1 . . . zNe ,(n)

N
(Ne )
p ,1

LNe W real E(n)
1

...
. . .

...

z1,(n)
1,c L1 W real E (n)

c . . . zNe ,(n)

N
(Ne )
p ,c

LNe W real E (n)
c

z1,(n)
1,1 L1 W imag E(n)

1 . . . zNe , (n)

N
(Ne )
p ,1

LNe W imag E (n)
1

...
. . .

...

z1,(n)
1,c L1 W imag E(n)

c . . . zNe ,(n)

N
(Ne )
p ,c

LNe W imag E(n)
c

ù úúúúúúúúúúúúúúúû

(30)

with

ze,(n)
k , i = (se, (n)

k ¡ ( r E 2
i + x E 2

i
)te,(n)

k
) (31)

d p(n) = [d p1, (n)
1 d p1,(n)

2 ¢ ¢ ¢ d p1,(n)

N
(1)
p ¢ ¢ ¢ d pNe ,(n)

N
(Ne )
p

]
T

(32)

The localizationoperator L(e) extracts from the vector following, in
this case W real E(n) or W imag E (n) , those degrees of freedom that are
attached to the nodes of FE e. This yields a vector or reduced length
equal to the number of degrees of freedom attached to element e.
Thus, ze,(n) is multipliedby the relevantentries of the complexmode
shapes. Each column of B(n) corresponds to a particular design pa-
rameter. A block of N (e)

p columns contains all of the design parame-
tersofFE e. If the totalnumberof analyticdegreesof freedomis Ndof,
then the number of rows of B(n) is 2 £ Ndof £ c. Notice that the upper
block of B(n) correspondsto the real portion of the complex modes,
whereas the lower block corresponds to the imaginary portion. As
written, the solutionvector to the systemof equationscontainsevery
design parameter of every element. In practice, only a small subset
of these design parameters would be corrected at any given itera-
tion. Utilizing zooming,1 as discussed earlier, allows the algorithm
to select design parameters related to the dominant error locations
of the model. The correction system for the parameter adjustments
is overdetermined, with equations arising from both the real and
imaginary functionals. An SVD factorization is used to obtain the
design parameter adjustments. Using these parameter adjustments,
the updated mass and stiffness matrices can be constructed.

C. Updating of Damping Matrix
The updating of the mass and stiffness matrices has made the

residuals Rreal and Rimag as small as possible. In the second step
of the process, the damping matrix is corrected using the updated
mass and stiffness matrices and the complex mode shapes. Using
the updated matrices, expanded modes, and residuals in Eqs. (17)
and (18) gives

Rreal
i + [2 r E 2

i MU
+ r E

i (DA
+ D D)]W

real E
i ¡ [2r E

i x E
i MU

+ x E
i (DA + D D)]W

imag E
i = 0 i = 1, . . . , c (33)

R
imag
i + [2 r E 2

i MU + r E
i (DA + D D)]W

imag E
i + [2r E

i x E
i MU

+ x E
i (DA

+ D D)]W
real E
i = 0 i = 1, . . . , c (34)

The problem of updating the damping matrix is to ® nd the change
to the damping matrix D D such that Eqs. (33) and (34) are satis-
® ed. Note the only unknown is D D because the updated mass and
stiffness matrices MU and KU , as well as the mode expansions W E ,
are assumed to be known from the ® rst step of the process. The
updating problem is, in general, rectangular and is formulated as
the minimization of the following functionals:

ÅJi = II Rreal
i + [2 r E 2

i MU + r E
i (DA + D D)]W

real E
i ¡ [2 r E

i x E
i MU

+ x E
i (DA

+ D D)]W
imag E
i II 2

i = 1, . . . , c (35)

ÅK i = II R
imag
i + [2r E 2

i MU
+ r E

i (DA
+ D D)]W

imag E
i + [2 r E

i x E
i MU

+ x E
i (DA + D D)]W

real E
i II 2

i = 1, . . . , c (36)

Although the updated stiffness matrix KU does not appear explic-
itly, it enters into the functionals via the complex residuals R. The
damping update matrix D D is built using a Taylor expansion with
respect to the design parameters p,

D D = D( p + d p) ¡ D( p) ¼ [@D( p)
@p

] d p (37)

As stated earlier, in this method, the damping matrix can be built
using any user-de® ned model. It could be built at the element level,
or could be built using some other model. The case where damping
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is built at the element level will be considered. For this case, the
assembly property of FEs can be used so that

D D ¼
Ne

Se = 1

N
(e)
p

Sk = 1
[ @de( p)

@pk
] d pk (38)

The derivative term in Eq. (38) is de® ned as the damping sensitivity
matrix

sde
k =

@de( p)

@pk

(39)

We de® ne the following combination mode vectors:

Yreal
i = [¡ r E

i W real E
i + x E

i W imag E
i ]

Y
imag
i = [¡ r E

i W imag E
i ¡ x E

i W real E
i ]

i = 1, . . . , c (40)

and the following modi® ed complex residuals:

ÅRreal
i = Rreal

i + 2r E 2
i MU W real E

i ¡ 2r E
i x E

i MU W imag E
i

ÅRimag
i = R

imag
i + 2r E 2

i MU W imag E
i + 2 r E

i x E
i MU W real E

i

i = 1, . . . , c (41)

For a damping model, which depends only linearly on the design
parameters, using the de® nitions (40) and (41) allows us to write
the functionals (35) and (36) in a very simple form:

ÅJi = II ÅRreal
i ¡ D D Yreal

i II 2
i = 1, . . . , c (42)

ÅK i = II ÅRimag
i ¡ D D Y

imag
i II 2

i = 1, . . . , c (43)

In this case, no iteration or initial conditionsof the damping matrix
are required. The only unknowns are the design parameter adjust-
ments d p that are used to build DU = D D. The correction system is
obtained by equating the ® rst variation of the functionals to zero:

@ ÅJi (Y
real
i , ÅRreal

i
)

@d p
= 0

@ ÅK i (Y
imag
i , ÅRimag

i
)

@d p
= 0

i = 1, . . . , c (44)

This yields a system of algebraic equations to be solved for the
design parameter adjustments d p. The equations arising from the
real and imaginary functionals are stacked together in a rectangular
system,

C d p = ÅR (45)

where

ÅR =

é
êêêêêêêêêêêêë

ÅRreal
1

...

ÅRreal
c

ÅRimag
1

...

ÅRimag
c

ù úúúúúúúúúúúúû

(46)

and

C =

é
êêêêêêêêêêêêêêêë

sd1
1L1Yreal

1 . . . sdNe

N
(Ne )
p

LNe Yreal
1

...
. . .

...

sd1
1L1Yreal

c . . . sdNe

N
(Ne )
p

LNe Yreal
c

sd1
1L1Y

imag
1 . . . sdNe

N
(Ne )
p

LNe Y
imag
1

...
. . .

...

sd1
1L1Y

imag
c . . . sdNe

N
(Ne )
p

LNe Y
imag
c

ù úúúúúúúúúúúúúúúû

(47)

with

d p = [d p1
1 d p1

2 ¢ ¢ ¢ d p1

N
(1)
p ¢ ¢ ¢ d pNe

N
(Ne )
p

]
T

(48)

As before, Le is the localization operator that extracts degrees of
freedom attached to nodes of element e. The number of columns of
C is the number of damping design parameters in the model. There
are 2 £ Ndof £ c rows in thematrix.The upperblockofC derives from
the variation of the real functional, whereas the lower block is the
result of the variationof the imaginaryfunctional.Each columnof C
corresponds to a particular damping design parameter. The system
of equations is overdetermined,and so an SVD factorization is used
to determine the design parameters. The damping matrix DU can
then be assembled.

The modi® ed SVD solver and dimensionless procedure devel-
oped by Hemez and Farhat27 can be used to help bypass numerical
dif® culties associatedwith poor scaling between different damping
effects. This dimensionlessprocedure is equivalent to precondition-
ing each column of C, by scaling each coef® cient by the norm of
the column.

This system of equations assumes that each design parameter is
associated with a particular element. If multiple elements are con-
strained to use the same parameter, then summation terms are intro-
duced. In this case, each column of C would contain an assembly
of all nonzero sensitivity matrices with respect to that parameter,
as opposed to a single element sensitivity matrix. Thus, the size of
the correction system can be reduced by using a simple damping
model. For instance, all longeronelements in a truss structuremight
be constrained to have the same material damping parameters.

This process allows the damping matrix to be determined by
® nding the optimum values of design parameters within a user-
de® ned model. The two step arrangement allows computation of
the damping matrix to be decoupled from the SB-EBE mass and
stiffness update.

IV. Results from Test Problems
A. Ten-Degree-of-Freedom Problem

The proposed extension is ® rst tested with the FE updating of
a 10-degree-of-freedom test problem. This problem examines the
effect of the amount of structural damping upon updating of the
FE mass and stiffness matrices and upon the computation of the
damping matrix. The analytic model used to create the simulated
data comprises a set of 10 spring and dashpot units. This is shown
in Fig. 1. The values of the spring coef® cients, dashpot coef® cients,
and discrete masses are set to

k1 = k2 = ¢ ¢ ¢ = k9 = k10 = 1.0 £ 106

m1 = m2 = ¢ ¢ ¢ = m9 = 2m10 = 0.1

(49)
[d1, d2, . . . , d9, d10] = d

£ [5.0, 4.5, 4.0, 3.5, 3.0, 2.5, 2.0, 1.5, 1.0, 0.5]

where d is an adjustable scaling factor. During updating, half of
the 10 degrees of freedom are assumed to be measured. Because
the values of the dashpots decrease linearly across the structure,
nonproportional damping is created. The FE model is composed
of 10 truss elements, each with element level stiffness proportional
damping. Modeling errors are introduced by reducing the modulus
of the second element and the density of the third element by 5%.
Thus, there is a simultaneousmass and stiffness perturbation.Com-
plex modes 1±5 of the available 10 are used for the update. These
modes are chosen because they involve motion of the masses near
the ® xation and allow the perturbed elements to be observable.

The two-step procedure is applied for a 3% damping level in the
simulated data. These results are shown in Fig. 2. The update of

Fig. 1 Structure with 10 degrees of freedom.
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Adjustment of Young’s modulus

Adjustment of density

Calculation of damping

Fig. 2 Updating results at 3% damping.

the mass and stiffness matrices shows good results; the change in
the modulus and density for the incorrect elements is greater than
the change in the undamaged elements. Thus, the algorithm is able
to correct simultaneous errors in the mass and stiffness of elements
two and three. The correction of the damping matrix also shows
reasonableresults, as the ® nal values of the dashpotsare close to the
desired value for most elements. However, the amount of damping
near the ® xed end of the structureis underestimated,whereas toward
the free end of the structure, damping is overestimated. This is due
to the least squares nature of the solution. In addition, the modes
used for the update are dominated by the motion of the masses near
the ® xation, resultingin less informationavailableabout the springs,
masses, and dashpots at the free end of the structure.

The procedure is then applied for increasinglevels of damping in
the simulated data. As the amount of damping increases, the quality
of the mass and stiffnessupdate begins to deteriorate.At a damping
level of approximately 6%, the damaged elements are not satisfac-
torily located.At this high level of damping, the complex modes are
not suf® ciently parallel to the normal modes. The results of the up-
dating procedure for a 6% damping level are shown in Fig. 3. Note
that, although the stiffness error in element two is corrected, a large
adjustment is introduced in an adjacent element. The mass error in
element three is not corrected, whereas there are large adjustments
in other elements. Interestingly,the behavior of the damping matrix
computation shows virtually no change as compared to the previ-
ous results. The percent of the optimum dashpot value recovered
appears almost identical to the results at the 3% damping level. This
similarity is partially due to the fact that the dashpotsare equivalent
to element level stiffness proportional damping and, thus, are not
affected by the large inaccuracies in the mass matrix. These damp-
ing results suggest the possibility of a good update of the damping
matrix at high damping levels if the mass and stiffness portion of
the update could be improved.

Adjustment of Young’s modulus

Adjustment of density

Calculation of damping

Fig. 3 Updating results at 6% damping.

Tests show that the ability to localize the mass and stiffnesserrors
relies heavily on both the real- and imaginary-derivedequations for
the parameter adjustments. Removing either component destroys
the quality of the update. As expected, tests with a globally propor-
tionally damped structure provideoptimum results compatiblewith
the original SB-EBE procedure.

In summary, the proposedextensionis testedwith a 10-degree-of-
freedomsystem.Reasonableresults are obtained for damping levels
of approximately 3%. This illustrates the potential performance of
the procedure for the updating of lightly damped structures.

B. Simulation Problem for a Real Truss Structure
This example shows the results of applying the algorithm to a

realistic test problem, in this case a truss structure. The structure
consists of eight 1

2
-m bays and 36 joints. There are ® ve 1-lb and

three 5-lb masses, for a total of eight concentrated masses. This
makes the nonstructuralmass approximately50% of the total mass.
The lowest modes of the structure are dominated by the vibration
of the large concentratedmasses. This gives highly localized modal
behavior that is representative of large space structures. The three
translational degrees of freedom are measured at each joint, for a
total of 108 sensor locations. This simulated problem is based on
a real experimental truss used in damage detection experiments.
However, preloading of the members in the real truss was effective
in reducing the damping of the structure to the order of 1

10
%. In

the simulated data, the modal damping level is increased to a level
of approximately 3%. The lower frequency modes of the structure
involve large deformations of the members near the concentrated
masses. The presence of damping creates complex modes that do
not have a one to one correlation with the undamped normal modes
of the structure. A diagram of this structure is shown in Fig. 4.

Each longeron of the truss is discretized by ® ve Euler±Bernoulli
beam FEs. Damping in the model is built using an element level
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Fig. 4 Truss structure.

Fig. 5 Adjusted Young’s moduli: updating of stiffness matrix.

proportional damping scheme. Note that this is not equivalent to
global proportional damping, inasmuch as element level damping
coef® cients are allowed to vary independently. The building of the
damping matrix at the element level is written as

D =
Ne

Se = 1

a (e)ke + b (e)me (50)

In total, the FE model contains 472 nodes and 545 elements. This
gives 2832 analytical degrees of freedom of which 108 (approxi-
mately 4%) are measured. Free-free boundary conditions are used
throughout.

Errors are introduced by perturbing the stiffness of the three
longerons indicated in Fig. 4. Young’s moduli of the FEs represent-
ing these longerons are increased by 43%. Because these members
are near two of the concentrated masses that dominate the modal
behavior, they store a larger percentage of the strain energy than
elements distant from the masses. Thus, they are observable by the
updating algorithm. In this updating problem, we wish to apply the
proposedSB-EBE extension to correct the stiffnessmodelingerrors
and compute the damping matrix using the simulated experimental
complex modes.

During updating, the algorithm is set to select the elements to
be corrected using the SB-EBE zooming procedure. For this prob-
lem, only Young’s moduli are altered, and so the mass matrix is
unchanged. Note that the element stiffness matrix of the beam de-
pends only linearly on the modulus, so that large adjustments are
valid. A maximum of 100 elements, or 20 longerons, are corrected
at each iteration.All elements comprisinga given longeronare con-
strained to have the same adjustment. Six complex modes are used
for the update (1, 2, 3, 4, 14, 20). Thus, the maximum size of the
correctionsystem B [in Eq. (30)] is 20 £ 33,984. The chosen modes
involvemotion of the large masses and allow the perturbedelements
to be observable.The adjustmentsof the elementmoduli after150 it-
erationsare shown in Fig. 5. The algorithmhas satisfactorilylocated
the perturbed elements, as their moduli are reduced more than the

Before updating

After updating

Fig. 6 Errors between model and experimental frequencies: un-
damped frequency errors.

adjustment to the surrounding unperturbed members. The moduli
of the perturbed longeronsare broughtback near their optimum val-
ues. A few longerons in other areas of the structure are also slightly
adjusted.

The frequency errors between the model and experimental data
can be used to examine the quality of the update. The undamped
frequency errors, before and after the updating of the stiffness ma-
trix, are shown in Fig. 6 for the ® rst 20 normal elastic modes. Before
updating, the higher modulus of the perturbed elements introduces
errors in the normal frequencies of the model that are as high as
1 1

2
%. After the stiffness adjustment, the frequency errors are re-

duced to less than 1
2
%. Thus, the procedure improves the undamped

frequenciesof the model, even though the updating procedure uses
damped complex modes.

Followingtheupdatingof the stiffnessmatrix, thedampingmatrix
is calculated. As already discussed, an element level proportional
damping model is used. To reduce the size of the problem, damping
coef® cients are not computed for all elements. Instead, the number
of parameters is reduced by forcing multiple elements to use the
same element level proportionaldamping coef® cients. All elements
attached to a particular joint are forced to have the same set of el-
ement proportional damping coef® cients. However, each different
joint has an independent set of damping coef® cients. All elements
not directly attached to joints are given the same damping param-
eters, representing material damping or other effects. Because, in
many structures, joints dominate the damping behavior, the damp-
ing model is a reasonable approximation of what might be applied
in the modeling of real structures.Because there are 36 joints, there
is a total 74 independent damping parameters. Therefore, the size
of C in Eq. (47) is 74 by 33,984. Note, that this is a linear damping
model, and so no initial conditions are required for the damping
matrix.

Using the updatedstiffnessmatrixandexpandedmodeshapes,the
damping matrix is constructed. With the newly computed damping
matrix,the complexeigenvaluesare computedandcomparedagainst
experiment.This is shown in Fig. 7. Note that the mode numberingis
not the sameas for the undampedmodes.The errors in the imaginary
partsof theeigenvalues(dampedfrequencies)are all less than 1

2
%for

the ® rst 20 modes. The real part of the eigenvaluecontains errors of
a few percent,with a few modes containingerrors as high as 6%. As
only six complex modes were used in the update, the results for the
remaining modes show the predictive behavior of the method. The
realpartof the eigenvalueis representativeof theamountof damping
in a givenmode.A comparisonof theestimateddampingratiosof the
experimentaldata vs the model is shown in Fig. 8. Note that the two
graphs show similar behavior, with the same modes corresponding
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Real parts

Imaginary parts

Fig. 7 Updated damped model vs experiment: errors of eigenvalues.

Experimental damping ratios

Model damping ratios

Fig. 8 Damping ratios of model vs experiment.

to the highest and lowest levels of damping. Together, the complex
eigenvaluesand damping ratios show the correct physical behavior
of the computed damping matrix. The algorithm gives reasonable
results for the computation of the system damping in a structure
with approximately 3% damping.

The results from the update of the stiffness matrix and the update
of thedampingmatrix showreasonableperformanceof the proposed
procedure for a realistic lightly damped structure using complex
modes.

V. Conclusion
An extension to the SB-EBE method for updating the FE models

of lightly damped structures using experimentally measured com-
plex modes is presented.This proposed extensionconsists of a two-
step procedure. First, an iterative step expands the experimental
mode shapes and updates the mass and stiffness matrices. This is
done through the minimization of a set of dynamic residuals. The
update of the mass and stiffness matrices is built through changes
in model design parameters. This maintains the connectivity of the
model and gives an update based on the physical sources of the
modeling errors. For mass and stiffness matrices that depend lin-
early on the design parameters, large perturbations are acceptable.

Following the update of the mass and stiffness matrices, a second
step updates the damping matrix. This step utilizes the previously
expanded modes shapes and the updated mass and stiffness matri-
ces. The remainderof the dynamic residualsfrom the ® rst step of the
process are absorbed during the update of the damping matrix. The
update of the damping matrix also is built through the adjustment
of design parameters. For a damping matrix that depends linearly
on the parameters, no iteration or initial conditions are required.
Thus, for such models, the computationalcost of updatinga damped
system is only slightly higher than that of updating the associated
undamped system. Two simulationexamples are presented and dis-
cussed. In these examples, satisfactory updating of the mass, stiff-
ness, and damping matrices is demonstrated.These results illustrate
the potential of the proposed extension to the SB-EBE procedure
for the updating of damped structures through the use of complex
modes.
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